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Abstract. The Einstein-Schro¨dinger theory is modified to include a large
cosmological constant caused by zero-point fluctuations. This “extrinsic”
cosmological constant which multiplies the symmetric metric is assumed to be
nearly cancelled by Schro¨dinger’s “bare” cosmological constant which multiplies
the nonsymmetric fundamental tensor, such that the total cosmological constant
is consistent with measurement. This modified Einstein-Schro¨dinger theory is
expressed in Newman-Penrose form, and tetrad methods are used to confirm
that it closely approximates ordinary general relativity and electromagnetism.
A solution for the connections in terms of the fundamental tensor is derived in
the tetrad frame. The tetrad form of an exact electric monopole solution is shown
to approximate the Reissner-Nordstro¨m solution and to be of Petrov type-D.
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1. Introduction
The Einstein-Schro¨dinger theory without a cosmological constant was originally
proposed by Einstein and Straus in 1946[1, 2, 3, 4, 5]. Schro¨dinger made an important
contribution to the theory by generalizing it to include a cosmological constant, and
by showing that the theory can be derived from a very simple Lagrangian density if
this cosmological constant is assumed to be non-zero[6, 7, 8, 9]. This more general
theory is usually called Schro¨dinger’s Affine Field Theory or the Einstein-Schro¨dinger
Theory. This theory is a generalization of ordinary general relativity which allows
a non-symmetric fundamental tensor and connection. Einstein and Schro¨dinger
suspected that the antisymmetric part of the fundamental tensor might contain the
electromagnetic field, but despite much effort this has never been demonstrated.
Recently we have shown[10, 11] that a well motivated modification of the Einstein-
Schro¨dinger theory does indeed closely approximate ordinary general relativity and
electromagnetism, the modification being the addition of a cosmological constant
caused by zero-point fluctuations. It is reasonable to assume that the Einstein-
Schro¨dinger theory must eventually be quantized to accurately predict reality, and this
cosmological constant can be viewed as a kind of zeroth order quantization effect[12,
13, 14]. This “extrinsic” cosmological constant which multiplies the symmetric metric
is assumed to be nearly cancelled by Schro¨dinger’s “bare” cosmological constant which
multiplies the nonsymmetric fundamental tensor, resulting in a total cosmological
constant which is consistent with measurement. The fact that these two cosmological
constants multiply different fields has the effect of creating a Lorentz force, and also
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fixes some other problems with the original theory. The fine-tuning of cosmological
constants is less objectionable when one considers that it is similar to renormalization
methods which are commonplace in quantum field theory. For example, to account
for self energy, “bare” particle masses become large (infinite if the cutoff wavenumber
goes to infinity), but the total “physical” mass remains small. In a similar manner
in the present theory, Schro¨dinger’s “bare” cosmological constant becomes large, but
the total “physical” cosmological constant remains small. This can be viewed as a
kind of energy density renormalization of the original Einstein-Schro¨dinger theory to
account for zero-point fluctuations, and with this quantization effect included, the
theory closely approximates ordinary general relativity and electromagnetism.
As in [10, 11] and in papers by several other authors[18, 19, 20, 16], the metric is
defined as,
gρτ =
√−N√−g N
⊣(ρτ),
√−g=[−det(√−ggµν)]1/(n−2)=[−det(√−NN⊣(µν))]1/(n−2). (1)
Here Nµν is the fundamental tensor, N=det(Nµν), g=det(gµν), “n” is the dimension,
and N⊣ρτ is the inverse of Nτµ so that N⊣ρτNτµ= δρµ. When Nµν is symmetric, the
equation gives gµν = Nµν as desired. In this paper, raising and lowering of indices
is always done using (1), and covariant derivative “;” is done using the Christoffel
connection Γασµ formed from (1).
The field equations of the Einstein-Schro¨dinger theory, including an extrinsic
cosmological term[10], energy-momentum tensor[19], and charge currents[15, 16] are,
◦R(σµ) + ΛbN(σµ) + Λegσµ =
8πG
c4
(
Tσµ − 1
(n−2)gσµT
α
α
)
, (2)
◦R[σµ,ν] + ΛbN[σµ,ν] = 0, (3)
Nσµ,β−◦ΓασβNαµ−◦ΓαβµNσα = −
8π
c(n−1)
√−g√−N
(
Nσ[αNβ]µ+
1
(n−2)N[αβ]Nσµ
)
jα, (4)
◦Γαβα =
◦Γααβ . (5)
Here ◦Rσµ=Rσµ(◦Γ) is the Ricci tensor, ◦Γασµ is the non-symmetric connection, Tσµ is
an energy-momentum tensor with no electromagnetic component, and jα is a charge
current. Like Schro¨dinger, we include a bare cosmological constant Λb because this
allows a very simple derivation of the theory[6, 10]. The total Λ is then
Λ = Λb + Λe. (6)
From a theorem of tensor calculus[17], (3) implies that ◦R[σµ] +ΛbN[σµ] is a curl,
so (3) can be written in the completely equivalent form
◦R[σµ] +
◦Γαα[σ,µ] + 2ΛbA[σ,µ] + ΛbN[σµ] = 0, (7)
and (2,3) can be combined together in the completely equivalent form,
◦Rσµ + ◦Γ
α
α[σ,µ] + 2ΛbA[σ,µ] + ΛbNσµ + Λegσµ =
8πG
c4
(
Tσµ − 1
(n−2)gσµT
α
α
)
. (8)
The tensor term ◦Γαα[σ,µ] is needed to retain Hermitian symmetry[1, 15, 16, 11], and◦Rσµ+ ◦Γαα[σ,µ] is sometimes called the Hermitianized Ricci tensor. Contracting (4)
with N⊣µσ/2 shows that this extra term vanishes when charge currents are absent,
◦Γααβ−
8π
c(n−1)(n−2)
√−g√−N j
ρN[ρβ]=
1
2
N⊣µσNσµ,β=
1
2N
∂N
∂Nσµ
Nσµ,β=
(
√−N ),β√−N , (9)
◦Γαα[σ,µ] −
8π
c(n−1)(n−2)
(√−g√−N jρN[ρ[σ]
)
,µ] = (ln
√
−N),[σ,µ] = 0. (10)
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Multiplying (4) by −N⊣ρσN⊣µτ and using (9) gives
N⊣ρτ ,β+◦Γ
τ
νβN
⊣ρν+◦ΓρβνN
⊣ντ =
8π
c(n−1)
√−g√−N
(
j[ρδ
τ ]
β +
1
(n−2)j
αN[αβ]N
⊣ρτ
)
, (11)
(
√
−NN⊣ρτ ), β+◦Γτνβ
√
−NN⊣ρν+◦Γρβν
√
−NN⊣ντ−◦Γαβα
√
−NN⊣ρτ
=
8π
c(n−1)
√−gj[ρδτ ]β . (12)
Taking the antisymmetric part of (12) and contracting gives Ampere’s law
f τρ;τ =
(
√−gf τρ),τ√−g =
(
√−N N⊣[ρτ ]),τ√−g =
4π
c
jρ (13)
and the continuity equation
jρ;ρ = (c/4π)f
τρ
;[τ ;ρ] = 0, (14)
where we define
fρτ = −
√−N√−g N
⊣[ρτ ]. (15)
The Einstein equations are obtained by combining (2) with its contraction,
8πG
c4
Tσµ =
◦Gσµ + Λb
(
N(σµ)−
1
2
gσµN
ρ
ρ
)
+Λe
(
1− n
2
)
gσµ, (16)
where we define
◦Gσµ = ◦R(σµ) −
1
2
gσµ
◦Rρρ. (17)
Using (4,5,1,15), a generalized contracted Bianchi identity with charge currents can
be derived for this theory[16, 11],
◦Gνσ; ν =
3
2
fνρ◦R[νρ,σ] +
4π
c
jν(◦R[νσ] + ◦Γ
α
α[ν,σ]). (18)
Using only the definitions (1,15), another useful identity is derived in [11],(
N (µσ)−
1
2
δµσN
ρ
ρ
)
;µ − 3
2
fνρN[νρ,σ] = f
νρ
;νN[ρσ]. (19)
Using (18,3, 19,13,7), the divergence of the Einstein equations (16) gives the ordinary
Lorentz force equation of general relativity and electromagnetism[11]
8πG
c4
T νσ; ν =
4π
c
jν(◦R[νσ] +
◦Γαα[ν,σ]) + Λb
4π
c
jνN[νσ] =
8π
c
Λbj
νA[σ,ν]. (20)
Assuming Tαν = µc
2uαuν , with u
α = dxα/ds= jαm/ecµ and (µuν);ν = 0 from (14),
equation (20) is just the Lorentz force coupled to Newton’s 2nd law,
c3
G
Λbj
νA[σ,ν] = T
ν
σ; ν = (µc
2uνuσ); ν = µc
2uνuσ; ν =
µ
m
(
m
cdxσ
ds
)
;ν
c dxν
ds
. (21)
Here the conversion to cgs units is,
fσµ=
√
−2G
c4Λb
f (cgs)σµ , Aσ=
√
−2G
c4Λb
A(cgs)σ , jσ=
√
−2G
c4Λb
j (cgs)σ , Q=
√
−2G
c4Λb
Q(cgs). (22)
Eq. (4) describes an implicit algebraic dependence of ◦Γασβ on Nσµ and Nσµ,β .
The solution for ◦Γασβ(Nµν) yields the Christoffel connection for the symmetric case,
Γασµ =
1
2
gαν(gµν,σ + gνσ,µ − gσµ,ν). (23)
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There is also a fairly simple solution[22] for the special case fσµf
µ
σ = det(f
µ
ν)= 0.
The solution for ◦Γασβ(Nµν) is much more complicated in the general non-symmetric
case[21, 22], and this has been a big obstacle in working with the theory. Here we will
derive a solution in the Newman-Penrose tetrad frame which applies for all cases except
fσµf
µ
σ= det(f
µ
ν)=0. It is given as an addition Υ
τ
νβ to the Christoffel connection,
◦Γτνβ = Γ
τ
νβ +Υ
τ
νβ . (24)
Extracting Υτνβ from the Ricci tensor gives[10],
◦Rσµ + ◦Γ
α
α[σ,µ] = Rσµ +Υ
α
σµ;α−Υαα(σ;µ)−ΥνσαΥανµ+ΥνσµΥανα. (25)
Here Rσµ = Rσµ(Γ) is the ordinary Ricci tensor. Substituting (25) into (8) or into
(2,3,7,16), and working in the tetrad frame, one then has an explicit version of the
field equations. It must be mentioned that the solution for ◦Γασβ(Nµν) in the Newman-
Penrose tetrad frame has in a sense already been done in [22], prior to the development
of the full Newman-Penrose formalism[23]. However, [22] uses a different metric
definition and does not include charge currents. This reference also uses completely
non-standard conventions and notation, and does not simplify results.
This paper is organized as follows. In §2 the Newman-Penrose formalism is
applied to the non-symmetric fields of the Einstein-Schro¨dinger theory. In §3 the field
equations are expressed in tetrad form. In §4 a solution is derived for ◦Γασβ(Nµν) in
the tetrad frame. In §5 the theory is shown to approximate ordinary general relativity
and electromagnetism when a cosmological constant from zero-point fluctuations is
assumed. In §6 the tetrad form of an exact electric monopole solution is shown to
approximate the Reissner-Nordstro¨m solution and to be of Petrov type-D.
2. Application of the Newman-Penrose Formalism
In the remainder of this paper we will assume n=4. Let us write (1,15) as
W σµ =
√−N√−g N
⊣µσ = gσµ + fσµ. (26)
It is proven in [22] and in Appendix D that if we do not have fσµf
µ
σ= det(f
µ
ν)=0,
then W σµ can be decomposed such that,
W σµ =W abea
σeb
µ, (27)
W ab =


0 (1+uˇ) 0 0
(1−uˇ) 0 0 0
0 0 0 −(1+iu`)
0 0 −(1−iu`) 0

 , (28)
gab = g
ab = W (ab) =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 , (29)
−fab = fab = W [ab] =


0 uˇ 0 0
−uˇ 0 0 0
0 0 0 −iu`
0 0 iu` 0

 . (30)
Here tetrad indices are indicated with Latin letters. As with the usual Newman-
Penrose formalism[23], the tetrads ea
σ and inverse tetrads eaµ both consist of two real
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vectors and two complex conjugate vectors, and are related via raising and lowering
of indices with gab and gσµ,
lσ= e1
σ , nσ= e2
σ , mσ= e3
σ , m∗σ= e4σ, (31)
lσ= e
2
σ , nσ= e
1
σ , mσ= −e4σ , m∗σ= −e3σ, (32)
δσµ = ea
σeaµ , δ
a
b = eb
σeaσ, (33)
e = det(eaν) = ǫ
αβσµlαnβmσm
∗
µ (34)
e∗ = − e. (35)
One difference from the usual Newman-Penrose formalism is that gauge freedom is
restricted so that only type III tetrad transformations can be used. If W σµ is real,
the scalars “u`” (u grave) and “uˇ” (u check) are real and are given by[22]
u` =
√√
̟ − ℓ/4 , (36)
uˇ =
√√
̟ + ℓ/4 , (37)
̟ = ( ℓ/4)2 − f/g, (38)
f = det(fµν) , g = det(gµν), (39)
f/g = − uˇ2u`2, (40)
ℓ = fσµf
µ
σ = 2(uˇ
2−u`2). (41)
If W σµ is instead Hermitian, things are unchanged except that “u`” and “uˇ” are
imaginary instead of real.
From (26,28), the fundamental tensor of the Einstein-Schro¨dinger theory is,
N⊣ab =
√−g⋄√−N⋄


0 (1−uˇ) 0 0
(1+uˇ) 0 0 0
0 0 0 −(1−iu`)
0 0 −(1+iu`) 0

, (42)
Nbc =


0 (1−uˇ)cˇ/c` 0 0
(1+uˇ)cˇ/c` 0 0 0
0 0 0 −(1−iu`)c`/cˇ
0 0 −(1+iu`)c`/cˇ 0

, (43)
where
c` =
1√
1+u`2
=
√
1−s`2 , (44)
u` = s`/c`, (45)
cˇ =
1√
1−uˇ2 =
√
1+sˇ2 , (46)
uˇ = sˇ/cˇ, (47)√
−N⋄ =
√
−det(Nab) = i
cˇc`
, (48)
√−g⋄ =
√
−det(gab) = i, (49)
√
−N =
√
−N⋄ e = ie
c`cˇ
, (50)
√−g = √−g⋄ e = ie. (51)
Note the correspondence of s`, c`, u` and sˇ, cˇ, uˇ to circular and hyperbolic trigonometry
functions.
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Covariant derivative is done in the usual fashion,
T ab|c = eaσebµT σµ;τecτ = T ab,c + γadcT db − γdbcT ad. (52)
For the spin coefficients we will follow the conventions of Chandrasekhar[24],
γabc =
1
2
(λabc + λcab − λbca) = eaµebµ;σecσ, (53)
γabc = −γbac , γaac = 0, (54)
λabc = (ebσ,µ − ebµ,σ)eaσecµ = ebσ,µ(eaσecµ − eaµecσ) = γabc − γcba, (55)
λabc = −λcba, (56)
ρ = γ314 , µ = γ243 , τ = γ312 , π = γ241, (57)
κ = γ311 , σ = γ313 , λ = γ244 , ν = γ242, (58)
ǫ = (γ211 + γ341)/2 , γ = (γ212 + γ342)/2, (59)
α = (γ214 + γ344)/2 , β = (γ213 + γ343)/2. (60)
With these coefficients and with other tetrad quantities, complex conjugation causes
the exchange 3→4, 4→3. As usual we may also define directional derivative operators,
D = e1
α ∂
∂xα
, ∆ = e2
α ∂
∂xα
, δ = e3
α ∂
∂xα
, δ∗ = e4α
∂
∂xα
. (61)
3. The Field Equations in Newman-Penrose Form
Substituting (25) into (8) gives the field equations,
8πG
c4
(
Tbd − 1
2
gbdT
a
a
)
= Rbd + 2ΛbA[b|d] + ΛbNbd + Λegbd
+Υabd|a −Υaa(b|d) −ΥcbaΥacd +ΥcbdΥaca. (62)
Taking the symmetric and antisymmetric parts of this and rearranging gives,
Rbd =
8πG
c4
(
Tbd − 1
2
gbdT
a
a
)
− ΛbN(bd) − Λegbd
−Υa(bd)|a +Υaa(b|d) +Υc(ba)Υa(cd) +Υc[ba]Υa[cd] −Υc(bd)Υaca, (63)
ΛbN[bd] = 2ΛbA[d|b] −Υa[bd]|a +Υc(ba)Υa[cd] +Υc[ba]Υa(cd) −Υc[bd]Υaca. (64)
The usual Ricci identities will be valid if we define Φab values in terms of the right-hand
side of (63),
Φ00 = −R11/2, Φ22 = −R22/2, Φ02 = −R33/2, Φ20 = −R44/2, (65)
Φ01 = −R13/2, Φ10 = −R14/2, Φ12 = −R23/2, Φ21 = −R24/2, (66)
Φ11 = −(R12 +R34)/4, Λˆ = R/24 = (R12 −R34)/12. (67)
From (30,52), Ampere’s law (13) becomes,
4π
c
jc = f bc,b + γ
b
abf
ac +γcabf
ba, (68)
4π
c
j2 = f12,1 + γ
3
13f
12 + γ414f
12 + γ234f
43 + γ243f
34 (69)
= Duˇ− ρ∗uˇ− ρuˇ− ρiu`+ ρ∗iu` (70)
= Duˇ− ρw − ρ∗w∗, (71)
4π
c
j1 = f21,2 + γ
3
23f
21 + γ424f
21 + γ134f
43 + γ143f
34 (72)
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= −∆uˇ − µuˇ− µ∗uˇ+ µ∗iu`− µiu` (73)
= −∆uˇ − µw − µ∗w∗, (74)
4π
c
j4 = f34,3 + γ
1
31f
34 + γ232f
34 + γ412f
21 + γ421f
12 (75)
= − iδu`− π∗iu`+ τiu`+ τuˇ + π∗uˇ (76)
= − iδu`+ τw + π∗w∗, (77)
where
w = uˇ+ iu` (78)
The connection equations are easier to work with in contravariant form (11) than
in covariant form (4). Multiplying (11) by
√−N/√−g and using (42,52,24,48,49) gives
0 = Ocdb =
√−N⋄√−g⋄
(
N⊣cd,b + γdabN
⊣ca + γcabN
⊣ad +ΥdabN
⊣ca +ΥcbaN
⊣ad)
+
8π
3c
(
j[dδ
c]
b −
1
2
jaN[ab]N
⊣cd
)
, (79)
0 = O11b = Υ
1
2b(1−uˇ) + Υ1b2(1+uˇ), (80)
0 = O22b = Υ
2
1b(1+uˇ) + Υ
2
b1(1−uˇ), (81)
0 = O33b = −Υ34b(1−iu`)−Υ3b4(1+iu`), (82)
0 =±O12b = ∓ uˇ,b + (1∓uˇ)
(
− (
√−N⋄ ),b√−N⋄
+ ±Υ22b +
±Υ1b1
)
+
8π
3c
(
±j[2δ1]b −
1
2
jaN[ab]c`cˇ(1∓uˇ)
)
(83)
= (1∓uˇ) (∓uˇ,bcˇ2 − u`u`,bc`2 + ±Υ22b + ±Υ1b1)
+
8π
3c
( ±1
(1±uˇ)j
[2δ
1]
b + iu`
(1∓uˇ)
(1+u`2)
j[4δ
3]
b
)
, (84)
0 =±O34b = ± iu`,b + (1∓iu`)
(
(
√−N⋄ ),b√−N⋄
− ±Υ44b − ±Υ3b3
)
+
8π
3c
(
±j[4δ3]b +
1
2
jaN[ab]c`cˇ(1∓iu`)
)
(85)
= (1∓iu`) (±iu`,bc`2 − uˇuˇ,bcˇ2 − ±Υ44b − ±Υ3b3)
+
8π
3c
( ±1
(1±iu`)j
[4δ
3]
b + uˇ
(1∓iu`)
(1−uˇ2) j
[2δ
1]
b
)
, (86)
0 =±O24b = γ31b(−(1±uˇ) + (1∓iu`)) + ±Υ41b(1±uˇ)− ±Υ2b3(1∓iu`)±
8π
3c
j[4δ
2]
b (87)
= ∓ γ31bw + ±Υ41b(1±uˇ)− ±Υ2b3(1∓iu`)±
8π
3c
j[4δ
2]
b , (88)
0 =±O13b = γ24b((1∓uˇ)− (1±iu`)) + ±Υ32b(1∓uˇ)− ±Υ1b4(1±iu`)±
8π
3c
j[3δ
1]
b (89)
= ∓ γ24bw + ±Υ32b(1∓uˇ)− ±Υ1b4(1±iu`)±
8π
3c
j[3δ
1]
b , (90)
To save space in the equations above we are using the notation,
−Odcb =
+Ocdb = O
cd
b ,
−Υdcb =
+Υdbc = Υ
d
bc. (91)
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4. An Exact Solution for the Connection Addition in the Tetrad Frame
The connection equations (80-90) can be solved by forming linear combinations of
them where all of the Υabc terms cancel except for the desired one. The required linear
combinations are listed in Appendix A and the calculations are done in Appendix B.
The result, split into symmetric and antisymmetric components is below,
Υ2(12) = cˇ
2uˇDuˇ− 4πcˇ
2uˇ
3c
j2, (92)
Υ1(12) = cˇ
2uˇ∆uˇ+
4πcˇ2uˇ
3c
j1, (93)
Υ4(34) = − c`2u`δu`+
4πc`2iu`
3c
j4, (94)
Υ1(11) = u`Du`c`
2 − uˇDuˇcˇ2 + 4πuˇcˇ
2
3c
j2, (95)
Υ2(22) = u`∆u`c`
2 − uˇ∆uˇcˇ2 − 4πuˇcˇ
2
3c
j1, (96)
Υ3(33) = u`δu`c`
2 − uˇδuˇcˇ2 − 4πiu`c`
2
3c
j4, (97)
Υ2(11) = Υ
1
(22) = Υ
3
(44) = 0, (98)
Υ2(23) =
iu`
2
(δuˇcˇ2 − iδu`c`2)− 2πiu`c`
2
3c
j4, (99)
Υ1(13) = −
iu`
2
(δuˇcˇ2 + iδu`c`2)− 2πiu`c`
2
3c
j4, (100)
Υ3(13) = −
uˇ
2
(Duˇcˇ2 + iDu`c`2) +
2πuˇcˇ2
3c
j2, (101)
Υ3(23) = −
uˇ
2
(∆uˇcˇ2 − i∆u`c`2)− 2πuˇcˇ
2
3c
j1, (102)
Υ4(12) = −
uˇcˇ2
2
(
δuˇ
cˇ2
c`2
+ τw − π∗w∗
)
, (103)
Υ2(34) = −
iu`c`2
2
(
iDu`
c`2
cˇ2
+ ρw − ρ∗w∗
)
, (104)
Υ1(43) = −
iu`c`2
2
(
i∆u`
c`2
cˇ2
− µw + µ∗w∗
)
, (105)
Υ2(13) =
κwuˇ
zˇ
, Υ1(24) = −
νwuˇ
zˇ
, (106)
Υ4(13) =
σwiu`
z`
, Υ3(24) = −
λwiu`
z`
, (107)
Υ4(11) =
κw2
zˇ
, Υ3(22) = −
νw2
zˇ
, (108)
Υ2(33) =
σw2
z`
, Υ1(44) = −
λw2
z`
, (109)
Υ2[12] = − cˇ2Duˇ+
4πcˇ2
3c
j2, (110)
Υ1[12] = − cˇ2∆uˇ−
4πcˇ2
3c
j1, (111)
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Υ4[34] = − ic`2δu`−
4πc`2
3c
j4, (112)
Υ2[23] =
1
2
(δuˇcˇ2 − iδu`c`2)− 2πc`
2
3c
j4, (113)
Υ1[13] = −
1
2
(δuˇcˇ2 + iδu`c`2)− 2πc`
2
3c
j4, (114)
Υ3[13] =
1
2
(Duˇcˇ2 + iDu`c`2)− 2πcˇ
2
3c
j2, (115)
Υ3[23] = −
1
2
(∆uˇcˇ2 − i∆u`c`2)− 2πcˇ
2
3c
j1, (116)
Υ4[12] =
cˇ2
2
(
δuˇ
cˇ2
c`2
+ τw − π∗w∗
)
, (117)
Υ2[34] =
c`2
2
(
iDu`
c`2
cˇ2
+ ρw − ρ∗w∗
)
, (118)
Υ1[43] = −
c`2
2
(
i∆u`
c`2
cˇ2
− µw + µ∗w∗
)
, (119)
Υ2[13] = −
κw
zˇ
, Υ1[24] = −
νw
zˇ
, (120)
Υ4[13] =
σw
z`
, Υ3[24] =
λw
z`
, (121)
where
z` = [(1±iu`)2(1±uˇ) + (1∓iu`)2(1∓uˇ)]/2 = 1 + 2iuˇu`− u`2, (122)
zˇ = [(1±uˇ)2(1±iu`) + (1∓uˇ)2(1∓iu`)]/2 = 1 + 2iuˇu`+ uˇ2. (123)
As an error check, it is easy to verify that these results agree with (9) and (5),
Υa(ba)= u`u`,bc`
2−uˇuˇ,bcˇ2+8π
3c
(
uˇcˇ2δ
[1
b j
2] − iu`c`2δ[3b j4]
)
(124)
= − (
√−g⋄ ),b√−g⋄ +
(
√−N⋄ ),b√−N⋄
+
4π
3c
√−g⋄√−N⋄
jaN[ab], (125)
Υa[ba] = 0. (126)
5. Approximation of Classical General Relativity and Electromagnetism
In [10, 11] it is shown that this theory closely approximates ordinary general relativity
and electromagnetism. Here we will confirm this by deriving some of the results in
[10, 11] with tetrad methods.
We will make much use of the small-skew approximation[10],
|fαβ | ≪ 1. (127)
It is a widely accepted technique, and is used heavily in research on this topic. We
will refer to equations as being accurate to order f1 or f2 etc., meaning that higher
order terms such as fαβf
β
αf
σ
µ are being ignored. To a limited extent we will also
use the approximation of small rates of change and small spatial curvatures,
|fαβ;ν/fαβ | ≪
√
Λb, (128)
|Cσµαρ| ≪ Λb, (129)
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where Cσµαρ is the Weyl tensor. The symbols || mean the largest measurable
component for some standard spherical or cartesian coordinate system. If an equation
has a tensor term which can be neglected in one coordinate system, it can be neglected
in any coordinate system, so it is only necessary to prove it in one coordinate system.
We will see that the approximations above are satisfied to such an extreme degree
that it is simply not necessary to define them more rigorously.
Let us consider worst-case values of (127,128,129). We will assume that Λe is
caused by zero-point fluctuations with a cutoff wave-number[27, 26, 25, 28, 29]
kc=Cc/lP , Cc ∼ 1, (130)
where lP =
√
~G/c3 = 1.6× 10−33cm is the Planck length. Then assuming all of the
known fundamental particles we have[12, 10],
Λb ≈ −Λe ∼ Czk4c l2P ∼ C4cCz/l2P ∼ 1066 cm−2 , Cz ∼ 60/2π? (131)
For a charged particle with f10 = Q/r
2, applying the conversion to cgs units (22)
shows that |f10| = 1 would occur at the radius
re =
√
|Q| =
√∣∣∣∣ e
√
−2G
c4Λb
∣∣∣∣ =
√
lP
√
2e2
c~Λb
=
lP
Cc
(
2α
Cz
)1/4
∼ 10−33cm (132)
where α = e2/~c ≈ 1/137 is the fine structure constant. For atomic radii near the
Bohr radius (a0 = ~
2/mee
2 = 5.3×10−9cm) we have,
|f10| ∼ r2e/a20 ∼ 10−50, (133)
|f10;1/
√
Λb f
1
0| ∼ 2/
√
Λb a0 ∼ 10−24. (134)
For the smallest radii probed by high energy particle physics experiments (10−17cm),
|f10| ∼ r2e/(10−17)2 ∼ 10−32, (135)
|f10;1/
√
Λb f
1
0| ∼ 2/
√
Λb 10
−17 ∼ 10−16. (136)
The fields at this radius are larger than near any macroscopic charged object, and are
also larger than the strongest plane-wave fields. We must also consider rates of change
for the highest energy gamma rays (1020eV) where
|f10;1/
√
Λb f
1
0| ∼ E/~c
√
Λb ∼ 10−8. (137)
The largest observable values of the Weyl tensor might be expected to occur near the
Schwarzschild radius, rs = 2Gm/c
2, of black holes, where it takes on values around
rs/r
3. However, since the lightest black holes have the smallest Schwarzschild radius,
they will create the largest value of rs/r
3
s = 1/r
2
s . The lightest black hole that we can
expect to observe would be of about one solar mass, where
C0101
Λb
∼ 1
Λbr2s
=
1
Λb
(
c2
2Gm⊙
)2
∼10−77. (138)
Clearly the approximations (127,128,129) are extremely accurate. This is particularly
true for the small-skew approximation because terms with higher powers of fσµ are
usually two powers higher than leading order terms, so that from (135) they will be
<10−64 of the leading order terms.
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The tetrad formalism allows the small-skew approximation to be stated somewhat
more rigorously as |u`| ≪ 1, |uˇ| ≪ 1. From (36-41), a charged particle will have
uˇ ≈ Q/r2, u` = 0. From (44,46,41,43,29,30) we have, to second order in u` and uˇ,
cˇ/c` ≈ 1 + uˇ2/2 + u`2/2 = 1 + uˇ2 − ℓ/4, (139)
− c`/cˇ ≈ − 1 + uˇ2/2 + u`2/2 = −1 + u`2 + ℓ/4, (140)
N(ab) =


0 cˇ/c` 0 0
cˇ/c` 0 0 0
0 0 0 −c`/cˇ
0 0 −c`/cˇ 0

 ≈ gab + facfcb − 1
4
gab ℓ, (141)
N[ab] =


0 −uˇcˇ/c` 0 0
uˇcˇ/c` 0 0 0
0 0 0 iu`c`/cˇ
0 0 −iu`c`/cˇ 0

 ≈ fab. (142)
These n = 4 results match the order f2 approximations derived in [10],
N(σµ) ≈ gσµ + fσνfνµ −
1
2(n−2)gσµ ℓ, (143)
N[σµ] ≈ fσµ. (144)
The next higher order terms of (139,140) will be two orders higher in u` and uˇ than the
leading order terms. This confirms that the next higher order terms in (143,144) will
be two orders higher in fµν than the leading order terms, and from (135) these terms
must be < 10−64 of the leading order terms. Also, while we are mostly ignoring the
special case fσµf
µ
σ= det(f
µ
ν)=0 in this paper, it is easy to show from Appendix D
that for this case, (143,144) are exact instead of approximate.
In Appendix C it is shown that to second order in u` and uˇ, the exact n = 4
solution for Υabc in §4 matches the order f2 approximation derived in [16, 10],
Υα(σµ) ≈ f τ (σfµ)α;τ + fατfτ(σ;µ) +
1
4(n−2)( ℓ,
αgσµ − 2 ℓ,(σδαµ))
+
4π
c(n−2)j
ρ
(
fαρ gσµ +
2
(n−1)fρ(σδ
α
µ)
)
, (145)
Υα[σµ] ≈
1
2
(fσµ;
α + fαµ;σ − fασ;µ) + 8π
c(n−1)j[σδ
α
µ], (146)
Υαασ ≈
−1
2(n−2) ℓ,σ +
8π
c(n−1)(n−2)j
αfασ. (147)
The tetrad version of (145-146) in Appendix C differs from the exact solution in §4
only by the factors c`,cˇ,z`,zˇ, and from (139,140,122,123) these factors will induce terms
which are two orders higher in u` and uˇ than the leading order terms. This confirms
that the next higher order terms in (145-147) will be two orders higher in fµν than
the leading order terms, and from (135) these terms must be < 10−64 of the leading
order terms.
Substituting (143) into (16) and using (41) gives the order f2 Einstein equations,
◦Gσµ ≈ 8πG
c4
Tσµ − Λb
(
fσ
νfνµ− 1
4
gσµf
ρνfνρ
)
+ Λ
(n
2
− 1
)
gσµ. (148)
With the conversion to cgs units (22), the second term in (148) is the ordinary
electromagnetic energy-momentum tensor. By substituting (145,146,147) into (25,17),
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one can derive[10, 11] an order f2 approximation of ◦Gσµ in terms of the ordinary
Einstein tensor Gσµ = Rσµ − (1/2)gσµR. However, without actually doing the
calculation, it is easy to see that ◦Gσµ and Gσµ can differ only by second order
terms such as f τ (σfµ)
α
;τ ;α and f
ν
σ;αf
α
µ;ν . This result applies with or without charge
currents since 4πjρ/c = f τρ;τ from (13). Therefore from (137,136), such additional
terms must be <10−16 of the ordinary electromagnetic term.
Combining (7,144,25, 146) gives, to order f2,
2ΛbA[σ,µ]+Λbfσµ ≈ − (◦R[σµ] + ◦Γαα[σ,µ]) ≈ −Υα[σµ];α (149)
≈ − 1
2
(fσµ;
α+fαµ;σ−fασ;µ);α − 8π
c(n−1)j[σ,µ] (150)
≈ − 3
2
f[σµ,α];
α + 2fα[σ;µ];α −
8
c(n−1)j[σ,µ], (151)
≈ − 3
2
f[σµ,α];
α + 4fα[σ;[µ];α] +
8π
c
j[σ,µ] −
8π
c(n−1)j[σ,µ], (152)
fσµ ≈ 2A[µ,σ] + ϑ[τ,α]εσµτα +
4
Λb
fα[σ;[µ];α] +
8π(n−2)
Λbc(n−1) j[σ,µ], (153)
where
f[σµ,α] =
−2Λb
3
ϑτε
τ
σµα , ϑτ =
1
4Λb
f[σµ,α]ετ
σµα. (154)
From (136,13), the last term of (153) can only contribute < 10−32 of fσµ. From
(138,148,135) the 4fα[σ;[µ];α]/Λb term can only contribute < 10
−77 of fσµ because of
the antisymmetrized second derivative. Ignoring these terms and taking the divergence
of (153) using (13), the ϑ[τ,α]εσµ
τα term drops out and we get a close approximation
to Maxwell’s equations,
Fσµ;
σ = 2A[µ,σ];
σ ≈ 4π
c
jµ, (155)
F[σµ,ν] = 2A[µ,σ,ν] = 0 (from the definition Fσµ = 2A[µ,σ]). (156)
The ϑ[τ,α]εσµ
τα term of (153) can also be neglected from (136,154). However, it
is interesting to consider the case where (128) is not satisfied, but where there are no
extreme spatial curvatures (129) so that 4fα[σ;[µ];α]/Λb is still negligible. Then, taking
the curl of (153), the 2A[µ,σ] and j[σ,µ] terms drop out and we see that the additional
vector field ϑρ obeys a form of the Proca equation,
Λbϑρ ≈ −ϑ[ρ,ν];ν . (157)
This equation suggests the possibility of a ϑρ particle, and this is discussed in detail
in §6-§7 of [10]. There it is shown that if a ϑρ particle does result from (157), it would
apparently have a negative energy. However, the other odd feature of this particle
is that from (157,130,131), its minimum frequency ω=
√
2Λb c=
√
2Cz cC
2
c /lP would
exceed the zero-point cutoff frequency ckc=cCc/lP , and we assume this would prevent
the particle from existing. Whether the cutoff of zero-point fluctuations is caused by a
discreteness of spacetime near the Planck length[26, 25, 28, 29] or by some other effect,
we simply assume that this cutoff would also apply to real fundamental particles[27].
Comparing the two frequency expressions, we see that this argument only applies if
Cc > 1/
√
2Cz , (158)
where Cc and Cz are defined by (130,131). Since the prediction of a negative energy
particle would probably be inconsistent with reality, this theory should be approached
cautiously when considering it with values of Cc and Cz which do not satisfy (158).
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6. An Electric Monopole Solution
Here we assume Tσµ = 0, j
ρ = 0, which is the Einstein-Schro¨dinger equivalent of
electro-vac general relativity. The Newman-Penrose tetrads of the electric monopole
solution derived in [10] are similar to those of the Reissner-Nordstro¨m solution[24],
except for the cˇ factors,
e1α = lα = (1,−1/acˇ, 0, 0) , e1α = lα = (1/acˇ, 1, 0, 0), (159)
e2α = nα =
1
2
(acˇ, 1, 0, 0) , e2
α = nα =
1
2
(1,−acˇ, 0, 0), (160)
e3α = mα = − r
√
cˇ/2 (0, 0, 1, i sin θ) , e3
α = mα = 1
r
√
2cˇ
(0, 0, 1, i csc θ), (161)
where from [10] and (131,22),
u` = 0 , s` = 0 , c` = 1, (162)
uˇ =
sˇ
cˇ
=
Q
cˇ r2
, (163)
sˇ =
Q
r2
, (164)
cˇ =
1√
1− uˇ2 =
√
1 + sˇ2 =
√
1 +
Q2
r4
, (165)
a = 1− 2m
r
− Λbr
2
3
− ΛeV
r
= 1− 2m
r
− Λr
2
3
− (Λb−Λ)
(
Q2
2r2
− Q
4
40r6
...
)
, (166)
V =
∫ √
r4 +Q2 dr =
1
3
[
r
√
r4+Q2 −Q3/2F
(
2 arctan
(√
Q
r
)
,
π
4
)]
(167)
=
∫
r2
(
1 +
Q2
2r4
− Q
4
8r8
...
)
dr =
r3
3
− Q
2
2r
+
Q4
40r5
... , (168)
Λb ≈ − Λe ∼ ±1066cm−2 , Λ ∼ 10−56cm−2 , Λ/Λb ∼ 10−122, (169)
Q = e
√−2G
c4Λb
∼ √∓1 × 10−66cm2. (170)
In (166), the term −ΛbQ2/2r2=e2G/c4r2 matches a term appearing in the Reissner-
Nordstro¨m solution, and the remaining Q terms are negligible for ordinary radii.
The nonzero tetrad derivatives are,
e11,1 = −
(
1
acˇ
)′
, e20,1 =
(acˇ)′
2
, e33,2 = −r
√
cˇ/2 i cos θ , (171)
e32,1 = −
√
cˇ/2− rcˇ
′
2
√
2cˇ
=
−cˇ2 + sˇ2√
2cˇ cˇ
=
−1√
2cˇ cˇ
, e33,1 = e32,1 i sin θ . (172)
From these and (55), the λabc coefficients are
λa1b = e11,1(ea
1eb
1− ea1eb1)= 0, (173)
λ221 = e20,1(e2
0e1
1− e21e10) = (acˇ)
′
2
, (174)
λ123 = e20,1(e1
0e3
1− e11e30)= 0, (175)
λ223 = e20,1(e2
0e3
1− e21e30)= 0, (176)
λ324 = e20,1(e3
0e4
1− e31e40)= 0, (177)
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λ132 = e30,1(e1
0e2
1− e11e20)= 0, (178)
λ233 = − e32,1e21e32− e33,1e21e33= 0, (179)
λ243 = − e42,1e21e32− e43,1e21e33 = −2
( −1√
2cˇ cˇ
)(−acˇ
2
)
1
r
√
2cˇ
= − a
2rcˇ
, (180)
λ441 = e42,1e4
2e1
1+ e43,1e4
3e1
1= 0, (181)
λ431 = e32,1e4
2e1
1+ e33,1e4
3e1
1 = 2
( −1√
2cˇ cˇ
)
1
r
√
2cˇ
= − 1
rcˇ2
, (182)
λ334 = e33,2(e3
3e4
2− e32e43) = 2(−r
√
cˇ/2 i cos θ)
(
i csc θ
r
√
2cˇ
)
1
r
√
2cˇ
=
cot θ
r
√
2cˇ
. (183)
From (53), the spin coefficients are similar to those of the Reissner-Nordstro¨m
solution[24], except for the cˇ factors,
ρ = γ314 = λ431 = − 1
rcˇ2
, (184)
µ = γ243 = λ243 = − a
2rcˇ
, (185)
β =
1
2
(γ213+γ343) =
1
2
λ334=
cot θ
2r
√
2cˇ
, (186)
α =
1
2
(γ214+γ344) =
1
2
λ344=
−cot θ
2r
√
2cˇ
, (187)
γ =
1
2
(γ212+γ342) =
1
2
λ221=
(acˇ)′
4
, (188)
ǫ =
1
2
(γ211+γ341)=0, (189)
τ = γ312 = 0, (190)
π = γ241 = 0, (191)
κ = γ311 = 0, (192)
σ = γ313 = 0, (193)
λ = γ244 = 0, (194)
ν = γ242 = 0. (195)
The type-D classification of this solution is evident because κ=σ=λ= ν= ǫ=0
and from the Weyl tensor components calculated with MAPLE,
Ψ2 = − 1
cˇ
(
1 +
2Q2
r4
)(
m
r3
+
ΛeV
2r3
− Λecˇ
6
)
+
ΛeQ
2
6r4
+
Q2
2cˇr6
, (196)
Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0. (197)
The electromagnetic vector potential from [10] and (159-161) completes the solution,
Aa = (A0/acˇ, A0/2, 0, 0), (198)
A0 =
Q
r
(
1− 4Λ
3Λb
)
+
Qm
Λbr4
+
(
1− Λ
Λb
)(
2Q3
5r5
− Q
5
30r9
...
)
. (199)
Here all terms except Q/r are negligible for ordinary radii, assuming (169,170).
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From (26,28,159-161,164-166), the tetrad solution matches the solution in [10],
W σµ = eσaW
abeb
µ (200)
= eσa


0 1+uˇ 0 0
1−uˇ 0 0 0
0 0 0 −1
0 0 −1 0




1
acˇ 1 0 0
1
2 −acˇ2 0 0
0 0 1
r
√
2cˇ
i csc θ
r
√
2cˇ
0 0 1
r
√
2cˇ
− i csc θ
r
√
2cˇ

 (201)
=


1
acˇ
1
2 0 0
1 −acˇ2 0 0
0 0 1
r
√
2cˇ
1
r
√
2cˇ
0 0 i csc θ
r
√
2cˇ
− i csc θ
r
√
2cˇ




(1+uˇ)
2 − (1+uˇ)acˇ2 0 0
(1−uˇ)
acˇ
(1−uˇ) 0 0
0 0 − 1
r
√
2cˇ
i csc θ
r
√
2cˇ
0 0 − 1
r
√
2cˇ
− i csc θ
r
√
2cˇ

 (202)
=
1
cˇ


1/a −sˇ 0 0
sˇ −acˇ2 0 0
0 0 −1/r2 0
0 0 0 −1/r2sin2θ

, (203)
gσµ =W (σµ) =
1
cˇ


1/a 0 0 0
0 −acˇ2 0 0
0 0 −1/r2 0
0 0 0 −1/r2sin2θ

 , (204)
gσµ = cˇ


a 0 0 0
0 −1/acˇ2 0 0
0 0 −r2 0
0 0 0 −r2sin2θ

 , (205)
fσµ =W [σµ] =
1
cˇ


0 −sˇ 0 0
sˇ 0 0 0
0 0 0 0
0 0 0 0

, (206)
fσµ =W[σµ] =
1
cˇ


0 sˇ 0 0
−sˇ 0 0 0
0 0 0 0
0 0 0 0

 , (207)
Nσµ =
√−N√−g W
⊣T
σµ =


acˇ2 sˇ 0 0
−sˇ −1/a 0 0
0 0 −r2 0
0 0 0 −r2sin2θ

. (208)
Also, from (200,48-51,34) we have,
1/e = det(ea
ν) = i csc θ/cˇr2, (209)
e = det(eaν) = −icˇr2sin θ, (210)√
−N =
√
−N⋄ e = ie/cˇc` = r2sin θ, (211)√−g = √−g⋄ e = ie = cˇr2sin θ. (212)
This solution reduces to the Papapetrou type I solution[30] for Λe = 0,Λb = Λ,
and to the Schwarzschild solution for Q = 0. Note from (170,132,165) that for an
elementary charge, “cˇ ” diverges from one near re =
√
|Q| ∼ 10−33cm, and it goes
to zero there if Q is imaginary. This re surface may lie inside or outside of the
Schwarzschild radius depending on the charge/mass ratio.
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7. Conclusions
The Einstein-Schro¨dinger theory is modified to include a large cosmological constant
caused by zero-point fluctuations. This extrinsic cosmological constant which
multiplies the symmetric metric is assumed to be nearly cancelled by Schro¨dinger’s
bare cosmological constant which multiplies the nonsymmetric fundamental tensor,
resulting in a total cosmological constant which is consistent with measurement.
Sections §1 and §5 demonstrate that this theory closely approximates ordinary general
relativity and electromagnetism, confirming the results in [10, 11] using different
methods. This is corroborated by the close approximation of the electric monopole
solution to the Reissner-Nordstro¨m solution, and by its Petrov type-D classification.
The Einstein-Schro¨dinger theory is very workable in Newman-Penrose form. The
presented solution of the connection equations is fairly simple and is applicable for
all cases except fσµf
µ
σ = det(f
µ
ν) = 0. It is very compatible with symbolic algebra
programs such as REDUCE or MAPLE. Given the amenability of Newman-Penrose
methods to type-D solutions, this paper might be useful in finding a charged rotating
solution to the Einstein-Schro¨dinger theory, either in its original or modified form.
Appendix A. Linear Combinations to Solve for the Connection Addition
In the following linear combinations of equations (80-90), the right-hand-side Υabc
terms cancel,
±Υ212=
±Υ212 +
1
2
(
±O121 −O222 − ±O211
(1∓uˇ)
(1±uˇ)
)
, (A.1)
±Υ112=
±Υ112 +
1
2
(
±O122 −O111 − ±O212
(1∓uˇ)
(1±uˇ)
)
, (A.2)
±Υ434=
±Υ434 +
1
2
(
−±O343 +O444 + ±O433
(1∓iu`)
(1±iu`)
)
, (A.3)
Υ111 =Υ
1
11 +
1
2
(−O211 −O121 +O222 ), (A.4)
Υ222 =Υ
2
22 +
1
2
(−O122 −O212 +O111 ), (A.5)
Υ333 =Υ
3
33 +
1
2
( O433 +O
34
3 −O444 ), (A.6)
Υ211 =Υ
2
11 −
1
2
O221 , (A.7)
Υ122 =Υ
1
22 −
1
2
O112 , (A.8)
Υ344 =Υ
3
44 +
1
2
O334 , (A.9)
±Υ223=
±Υ223 +
1
2
(
±O242 − ±O411 − ±O123
(1±iu`)
(1∓uˇ)
)
, (A.10)
±Υ113=
±Υ113 +
1
2
(
−±O422 + ±O141 − ±O213
(1±iu`)
(1±uˇ)
)
, (A.11)
±Υ313=
±Υ313 +
1
2
(
±O424 − ±O233 + ±O341
(1∓uˇ)
(1∓iu`)
)
, (A.12)
Einstein-Schro¨dinger theory using Newman-Penrose tetrad formalism 17
±Υ323=
±Υ323 +
1
2
(
±O414 − ±O133 + ±O342
(1±uˇ)
(1∓iu`)
)
, (A.13)
±Υ412=
±Υ412 +
1
2
(
−±O242
(1±iu`)
(1±uˇ) −
±O411
(1∓iu`)
(1±uˇ) −
±O123
(1+u`2)
(1−uˇ2)
)
, (A.14)
±Υ234=
±Υ234 +
1
2
(
±O424
(1±uˇ)
(1±iu`) +
±O233
(1∓uˇ)
(1±iu`) +
±O341
(1−uˇ2)
(1+u`2)
)
, (A.15)
±Υ143=
±Υ143 +
1
2
(
±O313
(1∓uˇ)
(1∓iu`) +
±O144
(1±uˇ)
(1∓iu`) +
±O432
(1−uˇ2)
(1+u`2)
)
, (A.16)
±Υ213=
±Υ213 +
1
2zˇ
(−±O421 (1−uˇ2) + ±O241 (1∓uˇ)2 −O223 (1±iu`)(1±uˇ)) , (A.17)
±Υ124=
±Υ124 +
1
2zˇ
(−±O312 (1−uˇ2) + ±O132 (1±uˇ)2 −O114 (1∓iu`)(1∓uˇ)) , (A.18)
±Υ413=
±Υ413 +
1
2z`
( ±O423 (1+u`2)− ±O243 (1±iu`)2 +O441 (1∓iu`)(1∓uˇ)) , (A.19)
±Υ324=
±Υ324 +
1
2z`
( ±O314 (1+u`2)− ±O134 (1∓iu`)2 +O332 (1±iu`)(1±uˇ)) , (A.20)
Υ411 =Υ
4
11 +
1
2zˇ
(−O241 (1+iu`)(1+uˇ)−O421 (1−iu`)(1−uˇ)−O223 (1+u`2)) , (A.21)
Υ322 =Υ
3
22 +
1
2zˇ
(−O132 (1−iu`)(1−uˇ)−O312 (1+iu`)(1+uˇ)−O114 (1+u`2)) , (A.22)
Υ233 =Υ
2
33 +
1
2z`
(
O423 (1+iu`)(1+uˇ) +O
24
3 (1−iu`)(1−uˇ) +O441 (1−uˇ2)
)
, (A.23)
Υ144 =Υ
1
44 +
1
2z`
(
O314 (1−iu`)(1−uˇ) +O134 (1+iu`)(1+uˇ) +O332 (1−uˇ2)
)
. (A.24)
Appendix B. Calculation of the Exact Connection Addition
Performing the linear combinations in Appendix A and using (71,74,77) and the
notation (91,122) gives
±Υ212 = ∓
Duˇ
(1±uˇ) ±
4π
3c(1±uˇ)j
2, (B.1)
±Υ112 = ∓
∆uˇ
(1±uˇ) ∓
4π
3c(1±uˇ)j
1, (B.2)
±Υ434 = ∓
iδu`
(1±iu`) ∓
4π
3c(1±iu`)j
4, (B.3)
Υ111 =
D
√−N⋄√−N⋄
+
4πuˇcˇ2
3c
j2 = u`Du`c`2 − uˇDuˇcˇ2 + 4πuˇcˇ
2
3c
j2, (B.4)
Υ222 =
∆
√−N⋄√−N⋄
− 4πuˇcˇ
2
3c
j1 = u`∆u`c`2 − uˇ∆uˇcˇ2 − 4πuˇcˇ
2
3c
j1, (B.5)
Υ333 =
δ
√−N⋄√−N⋄
− 4πiu`c`
2
3c
j4 = u`δu`c`2 − uˇδuˇcˇ2 − 4πiu`c`
2
3c
j4, (B.6)
Υ211 = Υ
1
22 = Υ
3
44 = 0, (B.7)
±Υ223 = ∓
1
2
(τw + π∗w∗)− 1
2
(∓δuˇcˇ2 − u`δu`c`2)(1±iu`)± 2π(2∓ 3iu`)
3c(1∓iu`) j
4 (B.8)
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= ∓ 1
2
(iδu`c`2(1∓iu`)− δuˇcˇ2 ∓ u`δu`c`2)(1±iu`)∓ 2π
3c(1∓iu`)j
4 (B.9)
= ± 1
2
(δuˇcˇ2 − iδu`c`2)(1±iu`)∓ 2π
3c(1∓iu`)j
4, (B.10)
±Υ113 = ∓
1
2
(τw + π∗w∗)− 1
2
(±δuˇcˇ2 − u`δu`c`2)(1±iu`)± 2π(2∓ 3iu`)
3c(1∓iu`) j
4 (B.11)
= ∓ 1
2
(iδu`c`2(1∓iu`) + δuˇcˇ2 ∓ u`δu`c`2)(1±iu`)∓ 2π
3c(1∓iu`)j
4 (B.12)
= ∓ 1
2
(δuˇcˇ2 + iδu`c`2)(1±iu`)∓ 2π
3c(1∓iu`)j
4, (B.13)
±Υ313 = ±
1
2
(ρw + ρ∗w∗) +
1
2
(±iDu`c`2 − uˇDuˇcˇ2)(1∓uˇ)± 2π(2± 3uˇ)
3c(1±uˇ) j
2 (B.14)
= ± 1
2
(Duˇcˇ2(1±uˇ) + iDu`c`2 ∓ uˇDuˇcˇ2)(1∓uˇ)∓ 2π
3c(1±uˇ)j
2 (B.15)
= ± 1
2
(Duˇcˇ2 + iDu`c`2)(1∓uˇ)∓ 2π
3c(1±uˇ)j
2, (B.16)
±Υ323 = ±
1
2
(µw + µ∗w∗) +
1
2
(±i∆u`c`2 − uˇ∆uˇcˇ2)(1±uˇ)± 2π(2∓ 3uˇ)
3c(1∓uˇ) j
1 (B.17)
= ± 1
2
(−∆uˇcˇ2(1∓uˇ) + i∆u`c`2 ∓ uˇ∆uˇcˇ2)(1±uˇ)∓ 2π
3c(1∓uˇ)j
1 (B.18)
= ∓ 1
2
(∆uˇcˇ2 − i∆u`c`2)(1±uˇ)∓ 2π
3c(1∓uˇ)j
1, (B.19)
±Υ412 =
1
2(1±uˇ)
(
±τw(1±iu`)∓ π∗w∗(1∓iu`)± δuˇ cˇ
2
c`2
+ u`δu`− 4π
c
iu`j4
)
(B.20)
=
±1
2(1±uˇ)
(
δuˇ
cˇ2
c`2
+ τw − π∗w∗
)
, (B.21)
±Υ234 =
1
2(1±iu`)
(
±ρw(1±uˇ)∓ ρ∗w∗(1∓uˇ)± iDu` c`
2
cˇ2
− uˇDuˇ+ 4π
c
uˇj2
)
(B.22)
=
±1
2(1±iu`)
(
iDu`
c`2
cˇ2
+ ρw − ρ∗w∗
)
, (B.23)
±Υ143 =
1
2(1∓iu`)
(
±µw(1∓uˇ)∓ µ∗w∗(1±uˇ)∓ i∆u` c`
2
cˇ2
− uˇ∆uˇ− 4π
c
uˇj1
)
(B.24)
=
∓1
2(1∓iu`)
(
i∆u`
c`2
cˇ2
− µw + µ∗w∗
)
, (B.25)
±Υ213 =
κw(uˇ∓1)
zˇ
, ±Υ124 = −
νw(uˇ±1)
zˇ
, (B.26)
±Υ413 =
σw(iu`±1)
z`
, ±Υ324 = −
λw(iu`∓1)
z`
, (B.27)
Υ411 =
κw2
zˇ
, Υ322 = −
νw2
zˇ
, (B.28)
Υ233 =
σw2
z`
, Υ144 = −
λw2
z`
. (B.29)
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Appendix C. Check of the Approximate Connection Addition Formula
Here we will show that the order f2 approximation of Υασµ in (145,146,147) matches
the exact solution in §4 for c` = cˇ = z` = zˇ = 1, which amounts to a second order
approximation in u` and uˇ. Much use is made of gab and fab from (29,30), γcab = −γacb
from (54), ℓ,a/4= uˇuˇ,a− u`u`,a from (41), and the field equations (71,74,77). To save
space, only one component of each type will be shown.
In tetrad form (145) becomes,
Υc (de) ≈
1
2
(fad(fec,a − γbeafbc − γbcafeb) + fae(fdc,a − γbdafbc − γbcafdb)
+ fc
a(fad,e − γbaefbd − γbdefab) + fca(fae,d − γbadfbe − γbedfab))
+
1
8
( ℓ,cgde − ℓ,dgec − ℓ,egdc)
+
2π
c
(
jafcagde +
1
3
jafadgec +
1
3
jafaegdc
)
, (C.1)
Υ1(12) ≈
1
2
(fa1(f21,a − γb2afb1 − γb1af2b) + fa2(f11,a − γb1afb1 − γb1af1b)
+ f1
a(fa1,2 − γba2fb1 − γb12fab) + f1a(fa2,1 − γba1fb2 − γb21fab))
+
1
8
( ℓ,1g12 − ℓ,1g21 − ℓ,2g11)
+
2π
c
(
j2f12g12 +
1
3
j2f21g21 +
1
3
j1f12g11
)
(C.2)
= uˇDuˇ− 4π
3c
uˇj2, (C.3)
Υ2(11) ≈ fa1(f12,a − γb1afb2 − γb2af1b) + f2a(fa1,1 − γba1fb1 − γb11fab)
+
1
8
( ℓ,2g11 − ℓ,1g12 − ℓ,1g12)
+
2π
c
(
j1f21g11 +
1
3
j2f21g12 +
1
3
j2f21g12
)
(C.4)
= u`Du`−uˇDuˇ+ 4π
3c
uˇj2, (C.5)
Υ1(11) ≈ fa1(f11,a − γb1afb1 − γb1af1b) + f1a(fa1,1 − γba1fb1 − γb11fab)
+
1
8
( ℓ,1g11 − ℓ,1g11 − ℓ,1g11)
+
2π
c
(
j2f12g11 +
1
3
j2f21g11 +
1
3
j2f21g11
)
(C.6)
= 0, (C.7)
Υ1(23) ≈
1
2
(fa2(f31,a − γb3afb1 − γb1af3b) + fa3(f21,a − γb2afb1 − γb1af2b)
+ f1
a(fa2,3 − γba3fb2 − γb23fab) + f1a(fa3,2 − γba2fb3 − γb32fab))
+
1
8
( ℓ,1g23 − ℓ,2g31 − ℓ,3g21)
+
2π
c
(
j2f12g23 +
1
3
j1f12g31 +
1
3
j4f43g21
)
(C.8)
=
1
2
(iu`δuˇ+ uˇδuˇ)− 1
2
(uˇδuˇ−u`δu`)− 2π
3c
iu`j4 (C.9)
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=
iu`
2
(δuˇ− iδu`)− 2π
3c
iu`j4, (C.10)
Υ3(12) ≈
1
2
(fa1(f23,a − γb2afb3 − γb3af2b) + fa2(f13,a − γb1afb3 − γb3af1b)
+ f3
a(fa1,2 − γba2fb1 − γb12fab) + f3a(fa2,1 − γba1fb2 − γb21fab))
+
1
8
( ℓ,3g12 − ℓ,1g23 − ℓ,2g13)
+
2π
c
(
j4f34g12 +
1
3
j2f21g23 +
1
3
j1f12g13
)
(C.11)
=
1
2
uˇ(−γ321iu`− γ231uˇ+ γ312iu`− γ132uˇ)
+
1
2
iu`(γ132uˇ− γ312iu`− γ231uˇ− γ321iu`) + 1
2
(uˇδuˇ−u`δu`) + 2π
c
iu`j4 (C.12)
=
1
2
uˇ(δuˇ− π∗uˇ+ τuˇ) + 1
2
iu`(iδu`− τiu`+ π∗iu`) + 2π
c
iu`j4 (C.13)
=
1
2
uˇ(δuˇ− π∗uˇ+ τuˇ) + 1
2
iu`(τw + π∗w∗ − τiu`+ π∗iu`) (C.14)
=
1
2
uˇ(δuˇ− π∗uˇ+ τuˇ) + 1
2
iu`(τuˇ + π∗uˇ) (C.15)
=
1
2
uˇ(δuˇ− π∗uˇ+ τuˇ + τiu`+ π∗iu`) (C.16)
=
1
2
uˇ(δuˇ+ τw − π∗w∗), (C.17)
Υ1(13) ≈
1
2
(fa1(f31,a − γb3afb1 − γb1af3b) + fa3(f11,a − γb1afb1 − γb1af1b)
+ f1
a(fa1,3 − γba3fb1 − γb13fab) + f1a(fa3,1 − γba1fb3 − γb31fab))
+
1
8
( ℓ,1g13 − ℓ,1g31 − ℓ,3g11)
+
2π
c
(
j2f12g13 +
1
3
j2f21g31 +
1
3
j4f43g11
)
(C.18)
= uˇ(−γ131uˇ+ γ311iu`) (C.19)
= κuˇw, (C.20)
Υ3(11) ≈ fa1(f13,a − γb1afb3 − γb3af1b) + f3a(fa1,1 − γba1fb1 − γb11fab)
+
1
8
( ℓ,3g11 − ℓ,1g13 − ℓ,1g13)
+
2π
c
(
j4f34g11 +
1
3
j2f21g13 +
1
3
j2f21g13
)
(C.21)
= uˇ(−γ311iu`+ γ131uˇ)− iu`(−γ131uˇ+ γ311iu`) (C.22)
= − κw2. (C.23)
In tetrad form (146) becomes,
Υc [de] ≈
1
2
(fde,c−γbdcfbe−γbecfdb + fce,d−γbcdfbe−γbedfcb − fcd,e+γbcefbd+γbdefcb)
+
4π
3c
(jdgec − jegdc) , (C.24)
Υ1[12] ≈
1
2
(f12,1−γb11fb2−γb21f1b + f12,1−γb11fb2−γb21f1b − f11,2+γb12fb1+γb12f1b)
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+
4π
3c
(j1g21 − j2g11) (C.25)
= −Duˇ+ 4π
3c
j2, (C.26)
Υ1[23] ≈
1
2
(f23,1−γb21fb3−γb31f2b + f13,2−γb12fb3−γb32f1b − f12,3+γb13fb2+γb23f1b)
+
4π
3c
(j2g31 − j3g21) (C.27)
=
1
2
(δuˇ− γ321iu`− γ231uˇ− γ312iu`+ γ132uˇ)− 4π
3c
j3 (C.28)
=
1
2
(δuˇ− π∗w∗ − τw) − 4π
3c
j3 (C.29)
=
1
2
(δuˇ− iδu`)− 2π
3c
j4, (C.30)
Υ3[12] ≈
1
2
(f12,3−γb13fb2−γb23f1b + f32,1−γb31fb2−γb21f3b − f31,2+γb32fb1+γb12f3b)
+
4π
3c
(j1g23 − j2g13) (C.31)
=
1
2
(−δuˇ+ γ231uˇ+ γ321iu`+ γ132uˇ− γ312iu`) (C.32)
= − 1
2
(δuˇ + τw − π∗w∗), (C.33)
Υ1[13] ≈
1
2
(f13,1−γb11fb3−γb31f1b + f13,1−γb11fb3−γb31f1b − f11,3+γb13fb1+γb13f1b)
+
4π
3c
(j1g31 − j3g11) (C.34)
= − γ311iu`+ γ131uˇ (C.35)
= − κw. (C.36)
Appendix D. The Non-symmetric Matrix Decomposition Theorem
Theorem: AssumeW σµ is a real tensor, fσµ=W [σµ], and gσµ=W (σµ) is an invertible
metric which can be put into Newman-Penrose tetrad form
gab = g
ab = gαβeaα e
b
β =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 , (D.1)
lσ = e1
σ , nσ= e2
σ , mσ= e3
σ , m∗σ= e4σ, (D.2)
lσ = e
2
σ , nσ= e
1
σ , mσ= −e4σ , m∗σ= −e3σ, (D.3)
δσµ = ea
σeaµ , δ
a
b = eb
σeaσ, (D.4)
where lσ and nσ are real, mσ and m
∗
σ are complex conjugates. Then tetrads may be
chosen such that
W ab = Wαβeaα e
b
β =


0 (1+uˇ) 0 0
(1−uˇ) 0 0 0
0 0 0 −(1+iu`)
0 0 −(1−iu`) 0

 , (D.5)
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where u` and uˇ are real, except if fσµf
µ
σ = det(f
µ
ν)= 0, in which case tetrads may
be chosen such that
W ab = Wαβeaα e
b
β =


0 1 0 0
1 0 −u´ −u´
0 u´ 0 −1
0 u´ −1 0

 , (D.6)
where u´ is real.
Proof : From [24] p.51, fab can be parameterized by the three complex scalars
φ0 = f13 , φ1 = (f12 + f43)/2 , φ2 = f42. (D.7)
From [24] p.53-54, there are a series of tetrad transformations which do not alter (D.1).
Type I:
lσ → lσ, mσ → mσ+alσ, m⋆σ → m⋆σ+a⋆lσ, nσ → nσ+a⋆mσ+am⋆σ+aa⋆lσ, (D.8)
φ0 → φ0, φ1 → φ1+a⋆φ0, φ2 → φ2+2a⋆φ1+(a⋆)2φ0. (D.9)
Type II:
nσ → nσ, mσ → mσ+bnσ, m⋆σ → m⋆σ+b⋆nσ, lσ → lσ+b⋆mσ+bm⋆σ+bb⋆nσ, (D.10)
φ2 → φ2, φ1 → φ1+bφ2, φ0 → φ0+2bφ1+b2φ2. (D.11)
Type III:
nσ → nσA, lσ → lσ/A, mσ → mσeiθ, m⋆σ → m⋆σe−iθ, (D.12)
φ0 → φ0eiθ/A, φ1 → φ1, φ2 → φ0e−iθA. (D.13)
Using type I and II transformations, we can always make either φ2=0 or φ0=0
by solving a quadradic equation and performing a tetrad transformation with
a⋆ =
−2φ1 ±
√
(2φ1)2 − 4φ0φ2
2φ0
or b =
−2φ1 ±
√
(2φ1)2 − 4φ2φ0
2φ2
. (D.14)
Note that a type I transformation does not alter φ0 and a type II transformation does
not alter φ2. Therefore, if φ1 6=0 at this point, we can make φ0 = φ2 =0 by doing a
second transformation of the opposite type to the first one with
b = − φ0
2φ1
or a⋆ = − φ2
2φ1
. (D.15)
Then with uˇ=−2Re(φ1), u`=−2Im(φ1), we have from (D.7,D.1),
fab=


0 −uˇ 0 0
uˇ 0 0 0
0 0 0 iu`
0 0 −iu` 0

, fab=


uˇ 0 0 0
0 −uˇ 0 0
0 0 iu` 0
0 0 0 −iu`

, fab=


0 uˇ 0 0
−uˇ 0 0 0
0 0 0 −iu`
0 0 iu` 0

. (D.16)
This is the first case (D.5). The procedure above fails if φ1 = 0 in D.15, in which
case there is only one nonzero scalar, either φ0 or φ2. If the nonzero scalar is φ2, it
can be changed to φ0 by doing type II transformation with b=1 followed by a type I
transformation with a∗=−1. Furthermore, we can make φ0 real by doing a type III
transformation. Then with u´ = φ0 we have from (D.7,D.1),
fab=


0 0 u´ u´
0 0 0 0
−u´ 0 0 0
−u´ 0 0 0

, fab=


0 0 0 0
0 0 u´ u´
u´ 0 0 0
u´ 0 0 0

, fab=


0 0 0 0
0 0 −u´ −u´
0 u´ 0 0
0 u´ 0 0

. (D.17)
This is the second case (D.6). Since fσµf
µ
σ=f
a
bf
b
a and det(f
µ
ν)= det(f
a
b), we see
from (D.16,D.17) that this second case occurs if and only if fσµf
µ
σ = det(f
µ
ν) = 0.
This proves the theorem.
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